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termine to what degree the anisotropy becomes apparent
at higher scattering angles.

Summary and Discussion

This calculation demonstrates the degree to which
structures can be ordered and still conform to eq 1. With
1/, random reentry, enough disorder is present for the
development of Gaussian statistics. Bonds { and j are
uncorrelated for most values of i and j. The bond corre-
lations, when properly summed, yield the characteristic
ratio. The correlation range is longer in the semicrystalline
state, but an appreciable fraction of these correlations are
negative, since loops reverse the chain direction. Then it
is not surprising that these sum to give a characteristic
ratio close to the value in the melt. Equations 20 and 24
indicate that the characteristic ratio is actually lower for
small crystallinities. In the limit of very thin lamellae
separated by thick amorphous layers, we expect a char-
acteristic ratio very close to the melt value, but smaller,
since the chains are turned back upon themselves.

A qualitative explanation for the small change in
characteristic ratio is that the chains resist long-range
reorganization during quench crystallization. Phrases such
as “freezing in” are often employed, implying that the
chains have the same global structure before and after
solidication with no detectable differences at low resolu-
tion. Yet it appears that long-range reorganization must
occur, since the chains assume an anisotropic distribution
after crystallization. In any case, one need not assume
absence of long-range reorganization to explain the small
change in C..

Some comment on the range of applicability of the
present model is in order. To avoid segregation, the
neutron scattering experiments are performed on
quench-crystallized samples. The result is a relatively low
crystallinity (never much larger than 0.5 or 0.6). Implicit
in this derivation is the assumption that different
amorphous runs are uncorrelated, which is undoubtedly
adequate for low-temperature, regime III crystallization.!?
We have also assumed ?/; near-adjacent reentry,” but we

expect a higher degree of adjacent reentry for crystalliza-
tion at higher temperatures. Therefore, the present model
is probably not valid in all situations. This may explain
the failure of isotactic polystyrene® to follow eq 1. Seg-
regation effects are absent® in this polymer, and the
measurements were performed on samples crystallized
closer to the melting point.
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ABSTRACT: Traditionally, the flexibility of semiflexible polymers has been explained in one of two ways,
either in terms of relatively small rotational angle fluctuations giving a smoothly bending curve or in terms
of abrupt breaks, or kinks, in the chain. The original wormlike chain explicitly treats only the first of these
two possibilities. Here we introduce the broken wormlike chain model, which explicitly incorporates both
types of flexibility by inserting breaks at random intervals into the original wormlike chain, either through
a fixed angle or through a universal joint. Exact expressions for the first three even moments and the radius
of gyration are derived, and the hydrodynamic radius and static structure factor are approximated. We report
very little difference between properties of broken and regular wormlike chains of the same total contour
length and persistence length, which implies (1) that the original wormlike chain model provides an adequate
description of most experiments independent of the nature of the flexibility and (2) that it may be difficult
to determine experimentally which source of flexibility is operating in any given polymer.

Introduction

A number of polymer chains, e.g., the poly(alkyl iso-
cyanates)' or the DNA double helix,*7 are semiflexible,
with rigid rod behavior at low molecular weights and

* Present address: Michigan Molecular Institute, Midland, MI
48640.

random coil behavior at high molecular weights. The
Kratky—Porod or wormlike chain model®!! represents a
semiflexible molecule as a smoothly bending space curve
characterized by two parameters, L, the contour length of
the curve, and A, the stiffness parameter, having units of
reciprocal length. (2A)7! is the correlation length or per-
sistence length of the curve, the length over which direc-
tional correlation persists. Then the quantity L) is pro-
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portional to the contour length in units of the persistence
length, and for appropriate values of LA the model com-
prises rigid rod (LA « 1), random coil (LA > 1), and all
intermediate behaviors. For excellent discussions and
access to the original literature, the reader is refered to
Yamakawa’s book® and his recent review article,°

There has been some speculation concerning the source
of flexibility in such molecules. On the one hand, it is
argued that the flexibility results from relatively small
fluctuations of the rotational angles about the stable helical
conformation, and indeed, there is ample evidence that
such fluctuations can account for the observed flexibili-
ty.871218 On the other hand, it is argued that the flexibility
results from abrupt changes in the direction of the helical
conformation, brought about, for example, by polymeri-
zation “errors” or high-energy conformational states. Such
arguments have been advanced for double-helical DNA,*%
the polyisocyanates,>>'*1% and certain polysulfones.’®8 In
this paper we accept the existence of both contributions
to the flexibility; one cannot deny that nature, in general,
allows both possibilities. One or the other may dominate
in a particular polymer but examples of both undoubtedly
exist. One purpose of this paper is to identify which, if
any, of the characterization tools of experimental polymer
science might be sensitive to the difference between these
two contributions to flexibility.

The original wormlike chain explicitly models only the
first contribution to flexibility: The smoothly bending
space curve of the wormlike chain naturally models flex-
ibility due to small rotational angle fluctuations about an
otherwise rigid helix. Another purpose of this paper is to
determine the extent to which the second source of flex-
ibility alters the predictions of the wormlike chain. To do
this, we introduce the “broken wormlike chain model”,
retaining the continuous space curve of length L and
stiffness parameter A but introducing abrupt breaks in
direction at random intervals of mean length &. The
change in direction at each break may be either through
a fixed angle p or through a universal joint, making an
arbitrary angle.’® Related models have been studied in the
past. Yu and Stockmayer?’ examined the “once-broken
rod”, i.e., two rods of equal length joined through a univ-
ersal joint, and an expression given for the radius of gy-
ration of “wormlike stars” comprehends “once-broken
worms” as a special case.?!

We have been successful in obtaining exact expressions
for the second, fourth, and sixth moments of the end-to-
end vector and for the radius of gyration and approxi-
mations, via the Koyama distribution,??? for the hydro-
dynamic radius and the structure factor. We find that the
inclusion of abrupt breaks does little violence to the ori-
ginal wormlike chain model except in the most extreme
cases of small b and large p. For this reason, we are not
suggesting that the model studied here be adopted for
characterization of semiflexible chains. It is only presented
as a critical test of the original wormlike chain model.

We treat the broken wormlike chain as the continuous
limit of a freely rotating chain of N bonds in which each
bond has length I. A fraction (1 + C)! of the bonds meet
at an angle Z. The remaining C(1 + C)™! meet at an angle
p in the fixed-angle version of the model or at an arbitrary
angle in the universal joint version. Then the broken
wormlike model is obtained by taking the limit N — =,
Z—0,l—0,C— 0, but in such a way that [N = L, the
total contour length, Z2/4] = ), the stiffness parameter,
and //C = b, the mean distance between breaks, are all
constant. The value p does not change in the limiting
process. In this way the intervals between breaks in the
chain follow the “most probable”® distribution. This, of
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course, is appropriate to the case in which breaks occur
independently and is simpler to treat than other distri-
butions. ;

The findings of this work are supported by several ex-
perimental studies. These are discussed more fully in the
last section.

Second Moment and Radius of Gyration
For any two bonds of the discrete chain we have®

(L)) = 1%(cos 6)* (1)
where
{cos By = (1 + C)cos Z + C cos p) (2)
in the fixed-angle case and
(cos ) =1+ C)lcos Z (3)

in the universal joint case. In the continuous limit, eq 1
becomes

(u(0)-u(s)) = e (4)
where
A =X+ (1-cosp)/2b (5)
in the fixed-angle case and
A=A+ 1/2b (6)

in the universal joint case, and where u(0) and u(s) are unit
vectors tangent to the chain at positions separated by a
contour distance s. It follows that the persistence length
of the broken wormlike chain is (2\;)"!. Equation 4 is
sufficient to determine both (R?) and R,, the mean-square
end-to-end distance and the radius of gyration. In fact,
eq 4 differs from the equivalent expression for the original
wormlike chain only in the replacement of X\ for A,.
Therefore, the expressions for (R?) and R, for the broken
wormlike chain are obtained by replacing A with )\, in the
well-known equivalent expressions® for the original worm-
like chain. The exponential decay of correlation auto-
matically guarantees that (R?) and R, have the same form
in both models, differing only in the definition of the
persistence length. Note also that the original wormlike
chain expressions are obtained in the limit p — 0 or b —
, gince A; = A. Therefore, an experiment that measures
only R,, even as a function of chain length, cannot dif-
ferentiate between contributions from the two sources of
flexibility discussed in the Introduction. Given this fact,
we week to determine if other measurements are equally
insensitive.

Fourth and Sixth Moments

Starting with the generator matrix expressions for (R*)
and (RS) for arbitrary discrete chains with independent
rotational potentials, 27 we obtained expressions for both
(R*) and (RS) of the discrete broken wormlike chain and
then evaluated these in the continuous limit. These de-
rivations are extremely tedious and were performed by
computer. Needless to say, it would be impossible to give
the derivations here, but we will sketch the outline of the
derivation of (R*). The derivation for (RS) is similar. The
appropriate generator matrix equation for (R*) is given
by Flory:%

0

0

0
(RYY=4[1000 ..J[Kg+ K, + K, + K, + KJV| - )

1

where the sum K, + K; + K, + K; + K, is the original
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generator matrix and where K; includes only those portions
of the matrix with units (length)J By expanding eq 7 we
generate all possible sequences of N K matrices, but since
the final result must have units (length)?, we can safely
retain only those sequences with the correct units. All the
others must vanish. Therefore

(R%) = 41000 Wi KKKy +
pITING 2K0K K/KK* +
2lijkin 2K0 K:K/K . Ko* + ... +

Tjuimpy. KoK KK KFK KK K ™)

The symbol {ij}y_, indicates that i and j are allowed to

assume all nonnegative integral values such that they sum

to N - 1, with similar notation applying to all the other
* sums.

To proceed, one need only begin collapsing matrix
products, working from right to left. As this proceeds the
number of terms grows rapidly, and a computer was used
to perform the algebra. The following relationships prove
necessary to the derivation:

(T)™%; = A;"3e; = (cos §)" %e, 9)

(T ® T)n'YI = [(2A2n + l)Yl + (1 - A2n)Y2] (10)

|
Wi

(T ® T)»Y, %[(2 -24AMY; + (2 + AMY,] (11)

(TeTeT)y™X, =

1
g[(2A3n + 3A1”)X1 + (Aln - A3n)(X2 + X3 + X4)] (12)

AMX; + (A5 +
AMNX; + X)) (13)

(T T 6T X, = 24 -
4A1")X2 + (Agn -

AMX, + (A" +

AKX, + X)) (14)

(T®T®T)X, = (204" -
4A1n)X3 + (Agn -

(T ® T ® T)n'X4 = %[2(141” -

4A1n)X4 + (Aan -

AMX, + (A" +
AM(X; + X;)] (15)

In the above, *e,, represents a unit vector of rank &, with
all elements but the mth equal to 0, Y, =%, Y, = 9e5 +
%y, X; = 2791: X, = Ze; + Yeg, X = 27e11 + ey, X, = Teyg
+ Zey;, A; = (Pjcos §)) for P the Jjth Legendre polynomial,
and T is the rotation matrix discussed by Flory.?® Equa-

tions 9-15 follow by mathematical induction once ex-
pressions for (T), (T ® T'), and (T ® T @ T) are in hand,
a step which, in itself, requires the computer. Finally one
obtains

(R%) =
4_014 Z A1j+l+2 + Qlal Z A1j+l+2A2k+1 + etc. (16)

3 fijkimly., fiklming

where “etc.” represents a number of similar terms. In
passing to the continuous limit, we make all the following
substitutions:

AF — exp[—j(j + 1)\s,] 17)

N L
gﬁ—»j; ds, /1 (18)
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5i+j+k+l+m,N—4 g Z(S(Si + Sj + 8y + 8 + Sm — L) (19)

where s;, s, etc. are the continuum analogues of i, J, etc.
and measure contour length along the chain. The values
A; are chosen to satisfy eq 17 in the continuous limit:2

A, = A+ [n(n + 1)b]7I[1 - P,(cos p)] (20)
or
A=A+ [n(n+ 1)b)! (21)

for the fixed-angle and universal joint versions, respec-
tively, of the model. The left-hand side of eq 19 is a
Kronecker &, the right a Dirac 6. Each term of eq 16
(including all those in “etc.”) carries a factor /4. Each
summation then contributes a factor [1, by eq 18, and then
eq 19 also contributes a factor  to each term. Therefore,
if a term has less than five summation indices, it will still
carry factors of / in the continuum limit and will therefore
vanish in that limit. All of the terms in eq 16 vanish in
this way except those listed explicitly. This also indicates
that only the last term of eq 8 survives the limiting process.
The surviving terms in eq 16 become, in the limit,

L
(R%) = @f dx (L2%x - 2Lx2 + x%)e = +
3 Jo
L L-x
%2}; dx xe‘””‘j; dy e (L - x - y) (22)

The above integrals were evaluated (again by machine) to
yield

(R*)/L* = 5/2t,* — 4 /9,3, - 10/3¢,% — 2/27t,%t,% +
4/9t:%, + 5/3t,2 4+ [-5/2t* + 4/9t,%, - 5/3t,% +
T2/2Tt 22 + 4/9 %ty + 4/2Tt1t,2 ~ 1/548,2t,2 +

2/27t,%,]e72 + [1/54t,% ,%]e62 (23)

where t; = AL, and 2t = 3t, - t;. The equation for (RS)
is given in the supplementary material accompanying this
article.

The equations for (R*) and (R®) successfully reproduce
three known limits. For LA >> 1 we recover the Gaussian
coil limit:

(R%)/L* = 5/3¢,2 (24)
(RS) /L® = 35/9¢,° (25)

The original wormlike chain expressions®® for (E*) and
(R®) are recovered in the limit p — 0 or b — « (equivalent
to setting \; = A). Finally, in the rigid rod limit, LA « 1
and L « b, (R*) = L4 and (R®) = L® are obtained. It was
possible, in fact, to expand (R*) about the rod limit:

(RY/L*) =
1 - 8t,/15 - 4t,/5 + 8t2/15 + 16t,t,/45 + 2t,2/5 —
16t,3/35 — 32¢,t,2/105 — 16t,2t;/105 — 16¢,%/105 + ...
(26)

The ability to achieve these limits is an excellent test of
the validity of the equations. The rigid rod limit, for
example, requires the exact cancellation of many low-order
terms and it is highly improbable that it could be achieved
if errors were present.

For purposes of comparison we consider broken and
regular worms with the same persistence length (and
therefore the same radius of gyration) and with the same
contour length L. This requires that the stiffness param-
eters, A, of the two chains be different, so we use Ay and
Ag to represent the stiffness parameters of regular and
broken worms, respectively. The same subscripts, W and
B, will also be used for other properties in differentiating
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Figure 1. Ratios of fourth moments of broken and regular
wormlike chains of the same contour length L and persistence
length. Units of length are such that Ag = 1. Each curve is labeled
with the value log b.
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Figure 2. Same as Figure 1 but for sixth moments.

between the two models. Since the A\; G =1, 2, 3, ...) of
eq 20 or 21 apply only to broken worms, we can preserve
that notation without confusion. The requirement of equal
persistence lengths is satisfied by setting Ay = A;. In all
numerical calculations we set A\g = 1.

Figures 1 and 2 display the results of a comparison be-
tween fourth and sixth moments of regular and broken
worms. As expected, the greatest differences are observed
for large values of p and small values of b. For p < 90°,
or in the universal joint case, and for Agb 2 1 the difference
is rather unimportant. Also, as expected, the differences
are negligible in both the rod and coil limits.

Koyama Distribution

As in the case of the original wormlike chain, exact
results beyond those already given are very difficult to
obtain. Instead, we employ the Koyama distribution,?2%3
an approximation to W(R,L), the probability that a
wormlike chain of length L has end-to-end distance R. The
Koyama distribution is

4xR*W(R,L) = (R /2ABx"/?) X
fexp[-(R - B)?/4A?] - exp[-(R + B)?/4A%} (27)

where
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A2 = (RY)(1- 1) /6 (28)
B = n(R?) (29)

and
7= 56 - B(RY (R2)) (30)

The characteristic function of W(R,L) is
K(k) = (Bk)! sin (Bk) exp(-A%k?) (31)

representing a hybrid of rigid rod and random coil char-
acteristic functions. The Koyama distribution is deter-
mined completely by (R?) and (R*) and reproduces both
these quantities (and therefore the radius of gyration)
exactly.? It gives (R®) for the original wormlike chain to
within about 5%,22 and the expansion of (R™!) is correct
asymptotically to at least two terms about the rod limit®
and to at least one term about the coil limit3! (i.e., first
Daniel’s approximation®). Its moments are much easier
to calculated than the original wormlike chain, of which
we cite two:

(RY) = Bl erf (B/24) (32)
(R®) = B® + 42A%B* + 420A*B? + 84045  (33)

Since the Koyama distribution is determined completely
by (R?) and (R*), it can be applied to any semiflexible
chain model once (R?) and (R*) are known, provided the
model satisfies (see eq 30)

(RY(R?)?<5/3 (34)

Equation 34 holds for the original wormlike chain, with
(R*)(R?)™? increasing monotonically from 1 in the rigid rod
limit to 5/3 in the random coil limit. However, for certain
values of b and p, (R*) (R?)2 for the broken wormlike chain
increases from 1, passes through a maximum, and ap-
proaches 5/3 from above, violating eq 34 for all values of
L above a certain cutoff. (The universal joint version
always satisfies eq 34.) Since the criterion is whether
(R*)(R?)"? approaches 5/3 from above or below in the
Gaussian limit and since asymptotically we have

((R/L)*) = (5/3t,%(1 - 2/t; + 4/15¢)) (35)
((R/L)®) = t;71(1 -~ 1/2t) (36)

then eq 34 becomes
4t /15 < t, (37)

which is equivalent to
(cos p = 1)(15 cos p +7) < Agb (38)

Equation 38 must be satisfied for the Koyama distribution
to apply at large L. Figure 3 shows a plot of the left-hand
side of eq 38. This quantity is negative for p < cos™ (-7.15)
= 117.8°, implying that the Koyama distribution always
applies for p < 117.8°. When p > 117.8° the Koyama
distribution will fail for large enough L unless Agb is
sufficiently large. In other words, unless the chain turns
back upon itself rather severely at the breaks, the Koyama
distribution can always be applied.

We calculated (RS) for the broken wormlike chain by
eq 33 and compared these values to the exact values of
{(R®). The Koyama approximation for (R®) becomes
progressively poorer for either increasing p or decreasing
b, but the error is always less than 11% for p < 135° and
Agdb = 1072 in the fixed-angle case and never much larger
than 7% for Agb = 1072 in the universal joint case. These
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Figure 3. (15 cos® p — 8 cos p — 7)/44 plotted as a function of
p. If the product Agb falls below this curve for fixed-angle broken
worms, the Koyama distribution will be inapplicable at large L.
This only becomes a problem for acutely bent worms (p > 117.8°).

results strongly suggest that the Koyama distribution is
a good approximation for both the original and the broken
wormlike chain models.

The Koyama distribution is exact for the case of a chain
composed of a rigid rod of length B joined to a completely
flexible coil of gyration radius'A. This may be shown by
computing the characteristic function of such a chain,
obtaining eq 31. The ability of this chain to closely re-
produce properties of wormlike models is another example
of insensitivity to the nature of flexibility.

Hydrodynamic Radius

We estimate the hydrodynamic radius in the Kirkwood
approximation:?

L
Ry = 2L [ "ds (L - $)(R()™) (39)

where (R(s)™!) represents the mean reciprocal end-to-end
distance of chains of length s. The quantity I is a lower
cutoff designed to prevent divergence of the integral and
represents an effective hydrodynamic radius of the chain.
Physically, we expect T' < L. (R(s)™!) is approximated by
eq 32.

It is possible to obtain an asymptotic expansion of eq
39 near the rod limit in the Koyama approximation for
both regular and broken worms. For regular worms near
the rod limit we have

52(R(s)’)w = 1 - 2sAw/3 + s2Aw?/3 (40)
sHUR())w = 1 — 4shw/3 + 5852hy2/45  (41)
from which it follows that
nw =1 - 2s2Aw?/15 (42)
sByl =1 4+ sAw/3 + s2Aw?/15 (43)
and
s Ay = 457 2Aw(1 — sAw /8 + s2Aw2/9)  (44)
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It follows that By/Aw = O(sAw)™! > 1, permitting us to
neglect the erf (B/2A4) term in eq 32. Then by substituting
eq 43 into eq 39 and assuming L > T, we obtain

2Ryu.w = L[In (L/eT) + (LAw/6)(1 + LAy /15)]F  (45)

Likewise for broken worms, beginning from eq 40 but with
\; replacing Ay, and from eq 26 we obtain

sBgl =1+ (8\;/15 - \/5)s (46)
and
2Ry = L[In (L/eT) + L(4\, /15 — A,/10)]7 (47)

The first term of either eq 45 or 47 represents the rigid
rod result; the additional terms are small corrections due
to flexibility. The ratio of hydrodynamic radii of two
chains with the same L and the same persistence length
is

Ryg/Ruw =1 - L sin* (0/2)[10b In (L/eI')]™ (48)
for the fixed-angle case and
RH—B/RH—W =1- L[30b In (L/eI‘)]’l (49)

for the universal joint case.

Hydrodynamic radius values for the two models were
compared, either with the use of eq 48 or 49 or by nu-
merical integration of eq 39. As usual we found that the
difference between the two models increases for either
increasing p or decreasing b. The difference also increases
with increasing I'. However, the difference always proved
to be slight, never more than about 3% for p < 135°, Agb
2 1072 and Ag" = 107 or 107%. Increasing T further could
have increased these differences, but probably not too
strongly in light of the logarithmic dependence in eq 48
or 49,

Static Structure Factor

The light scattering structure factor is given by an ap-
propriate integration of eq 31:

S(k) = 2L~ j; “ds (L - s)[B(s)k]™! sin [B(s)k]eAGK
(50)

This integral was performed numerically and values for
the two models were compared. Since we only compare
models with the same radii of gyration, S(k) values agree
very well when Sw(k) =~ 1. The discrepancy between
Swi(k) and Sg(k) increases with increasing k, reaches a
maximum, and decreases again in the tails. In all cases
examined the discrepancy is less than about 20% for all
k values such that 0.1 < Sy(k) < 1. Values of k& for which
Sw(k) < 0.1 were not considered. Once again, this includes
values of p < 135° and Agb = 1072

Summary and Discussion

At least in the range of model parameters examined,
neither the hydrodynamic radii nor the structure factors
show important differences between the two models.
Evidently, one could achieve more important differences
by going to either larger p or smaller b values, but it is
meaningless to consider nonphysical values of the param-
eters. To compute either Ry or S(k), one must sum over
all pairs of segments within the polymer, and since the
discrepancies between the two models extend only over a
limited range of length scales, we expect discrepancies in
the sums of even smaller magnitude than those seen in
Figure 1. We conclude, therefore, that the original worm-
like chain, in spite of the absence of abrupt breaks, is an
adequate model of semiflexible polymers, especially for
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those properties, such as Ry or S(k), involving sums over
all pairs of segments of the chain. This probably includes
intrinsic viscosity and the first cumulant of the dynamic
structure factor as well.

Unfortunately, this also implies that it should be difficult
to distinguish between flexibility due to abrupt breaks and
flexibility due to fluctuations in rotational angles. Sys-
tem-specific experiments might, in certain cases, be capable
of detecting abrupt breaks, but we conclude on the basis
of these calculations that general experimental techniques
are insensitive.

Hays and Zimm® report viscosity and sedimentation
experiments on nicked DNA samples. These are DNA
molecules with single-strand breaks introduced enzymat-
ically at random intervals along the chain and, therefore,
are probably well represented by this model, at least if we
assume that the DNA undergoes only smooth bending
between nicks. The extent of nicking can be measured
independently, providing estimates of b, the mean length
between nicks. Hays and Zimm report insignificant
changes in persistence length induced by the nicking, even
when b is as small as one-half to one-fifth the persistence
length of unnicked DNA. then eq 5 indicates that (cos
p) is near unity or, in other words, that the bending at the
nicks is not too severe. This agrees with the conclusion
of Hays and Zimm that the nicks are not universal joints.
This set of measurements indicates that the broken
wormlike chain model can provide useful geometrical in-
formation about breaks in the chain if the presence of
breaks can be established independently.

Another experimental study with at least peripheral
relevance is the study by Pfannemdiller et al.?! of a once-
broken wormlike chain. Both light scattering and viscosity
measurements were unable to detect a flexible joint at the
center of the chain. Only by observing a shift in the di-
electric loss peak could the presence of the joint be de-
tected.
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